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Differential Geometry of Spacetime Tangent Bundle

Howard E. Brandt'
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Conditions are investigated under which the Levi-Civita connection of the space-
time tangent bundle corresponds to that of a generic tangent bundle of a Finsler
manifold. Also, requirements are specified for the spacetime tangent bundle to
be almost complex or Kihlerian.

1. SPACETIME TANGENT BUNDLE

Both string theory and the quantum mechanics of the vacuum polariza-
tion in accelerated frames determine a universal upper limit on allowable
proper acceleration relative to the vacuum (Brandt, 1983, 19844, 19894,
1991a,b; Sakai, 1986; Parentani and Potting, 1989). If the limiting accelera-
tion is universal, then it must apply invariantly for all observers. The latter
requirement defines the maximal-acceleration invariant phase space as a fiber
bundle in which spacetime is the base manifold and four-velocity space is
the fiber manifold (Brandt, 19844, 1987a,b, 1989a-c, 1991a,b). In a coordi-
nate basis, the implied structure of the bundle metric G5 is that of the
diagonal lift (Yano and Ishihara, 1973) of the spacetime metric g,,,, namely,

guv +gaﬁAaﬂAﬁv A"H)
G =< (1
4B Amv gmn )
where A", is the gauge potential,
AP, = pov'T*,, (2)
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and I'";, is the spacetime affine connection. A point in the bundle manifold
has coordinates

{(xM; M=0,1,...,7}={x"x"; u=0,1,2,3;m=4,5,6,7}

(3)
={x", pov*; u=0,1,2, 3}

where x" and v" are the spacetime and four-velocity coordinates, respec-
tively. Greek indices referring to spacetime range from 0 to 3, lower case
Latin indices referring to four-velocity space range from 4 to 7, and upper
case Latin indices referring to a point in the bundle range from 0 to 7.
Any lower case Latin index n appearing in a canonical spacetime tensor or
connection is defined to be n—4 implicitly. The length p, is of the order of
the Planck length and is given by

po=c"/ay=(hG/c)"?*2na 4)

where qy is the maximal proper acceleration relative to the vacuum, c is the
velocity of light in vacuum, % is Planck’s constant divided by 2z, G is the
universal gravitational constant, and « is a dimensionless number of order
unity (Brandt, 1983, 19844, 19894, 1991a,5).

In an anholonomic basis adapted to the affine connection (Brandt,
1989a, 1987h; Yano and Ishihara, 1973) the bundle metric has the simple
block diagonal form

v O
GAB = (gﬂ ) (5)
O gmn

and the Levi-Civita connection coefficients ®T'™ 5 of the bundle manifold
are given by (Brandt, 1989a)

Orap={"ap} =18"" (garp+ Epra— 8ap.2) (6)
O =OT = 5(Fpo" + 1150 + I g") )]
O =T+ Tp's) (8)
O g =3(F"ap— 11,75 —T15",) &)
O 06 =3Toa" + T"ap) (10)
O 0= {"sa} + 2 Toa" — T"as) (11)

Oy =T1" =305 'g""(8/ 00"+ 8/ 00°g s — 0/00"Zus) (12)
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Here {*,5} and I1",4 are the Christoffel symbols in spacetime and four-
velocity space, respectively, and in the anholonomic basis, the following
notation is implicit:

w=08/0x" —pg 4P, 8/00° (13)
In addition, F*,, is the gauge curvature field given by
Fapv = polea&uv (14)

where R%,,, is the spacetime Riemann curvature tensor. The field 7%,, is
given by

TF,,={.}—po' 8/dv" A%, (15)

In general, the spacetime base manifold of the maximal-acceleration
invariant fiber bundle is non-Riemannian. The physical interpretations and
applications of such a general spacetime bundle manifold remain to be
explored. Recently, as a very special case, a Riemannian spacetime manifold
was considered for the base manifold, and it was shown that in this case the
bundle manifold is the associated tangent bundle, and the natural lift of a
spacetime geodesic is also a geodesic in the spacetime tangent bundle (Yano
and Ishihara, 1973; Yano and Davies, 1963 ; Brandt, 1991¢). Conversely, if
the natural lift of a curve in Riemannian spacetime is a geodesic in the
spacetime tangent bundle, then either (a) the spacetime curve is a geodesic,
or (b) its proper acceleration is a nonvanishing constant, and the Riemann
sectional curvature with respect to the section determined by the osculating
plane of the spacetime curve is constant at every point and given by the
inverse square of pg. Also, a Riemannian Schwarzschild-like spacetime was
considered which is a solution following from an appropriate action defined
on the spacetime tangent bundle (Brandt, 1991a). Possible modifications
were calculated to the canonical red shift formula for a Schwarzschild space-
time. It is of interest to consider more general base manifolds, such as Finsler
spacetime (Bejancu, 1990).

2. FINSLER SPACETIME

If the spacetime manifold is a Finsler manifold, then it has the following
form:

guv(x, ) =3 &/0v* dv* L(x, v) (16)

where L(x, v) is the fundamental function, a scalar on the spacetime tangent
bundle (Yano and Ishihara, 1973; Bejancu, 1990). The Finsler spacetime
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metric is also homogeneous of degree zero, from which it follows that

v* 0/0v” g,,=0 a7n
Also, from equation (16) it follows that
/00" g, =0/00" gay (18)
Therefore, substituting equation (18) in equation (17), one obtains
0% 0/00° guy=0" 0/00" gy =0 (19)
or equivalently
V' Tavy =0 TLguny=0 (20)

Here and throughout, the following notations are employed:
T"..(u V). = Tu v. + T"..vy.

and
T"..[y v = Tp v. T"..vy.

If the spacetime affine connection T*,; is of the Levi-Civita form,
namely,

ruaﬂ={uaﬁ} (21)

and the spacetime manifold is Finslerian, then equations (6)—(12) are readily
shown to be of the same form as the well-known Levi-Civita connection
coefficients for a generic tangent bundle of a Finsler manifold [equations
(3.12a)-(3.12h) of Yano and Davies (1963)]. The connection coefficients are
consistent with Cartan’s theory of Finsler space, provided the gauge curva-
ture field F*,z is vanishing. Furthermore, if the spacetime metric is inde-
pendent of the four-velocity, then the coefficients reduce to the form
corresponding to a tangent bundle of a Riemannian base manifold (Yano
and Ishihara, 1973; Yano and Davies, 1963; Brandt, 1991c¢).

3. ALMOST COMPLEX STRUCTURE

To further characterize the differential geometry of the spacetime tan-
gent bundle, it is of interest to consider the one-form w defined in the
spacetime tangent bundle by

O = povy, dx" = pog, 0" dx* (22)
Its exterior differential is readily shown to be

do=3J 45 dx* A dx® (23)
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where

3 A

" ge ~8ab— Poll(upayV

JAB=(50 {18a1} i Zab ™ Poll(ebr > (24)
ap T Pollgayt” 0

If the spacetime connection has the Levi-Civita form and the spacetime is
Finslerian, then using equations (1), (21), and (20), one obtains

Aﬂa -5ab~AxaAbK
JAE= (6‘,‘3 —Ab,, (25)
Next one verifies that
JLPIp"=—8,° (26)

which is the requirement for J,” to be an almost complex structure (Yano
and Ishihara, 1973; Yano and Davies, 1963: Yano, 1965). Thus, the space-
time tangent bundle of a Finsler spacetime manifold is almost complex, with
almost complex structure given by equation (25).

In the anholonomic frame adapted to the spacetime affine connection,
the almost complex structure, equation (25), for a Finsler spacetime mani-
fold becomes

0 -5
JA”=(6aﬂ 0) @7

Next, it is of interest to consider VzJ %, where V is the covariant derivative
involving the Levi-Civita bundle connection ®I'“5¢. Using equations (6)-
(12) and (27), we find that the components of VJ,® reduce to

Vo JF =3 (Fof o= FP o+ 11,7~ T1F,,) (28)
Vol =T ca—Tas’) (29)
VI =T 0= T.") (30)
Vol ==3Fl o= Flo+ L~ T1%,,) (31)
VI =0T e~ T + TP~ T?,.) (32)
VeJo =4 (Fea” + 11"~ T1%00) (33)
VI =4FS AT -1, (34)

Ve Jﬂb = _%( Teba - Teab + Tabe - Tbae) (35)
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For the Finsler spacetime manifold, all possible contributions in equations
(28)-(35) involving combinations of IT“,5 and T*,5 can be shown, using
equations (15)-(21), to be vanishing. It follows that if the spacetime mani-
fold is Finslerian and the gauge curvature field F*,z is vanishing, then
equations (28)-(35) -are also vanishing, and one concludes that (Yano and
Ishihara, 1973; Yano and Davies, 1963)

Vel 2=0 (36)

Equation (36) is the condition that the spacetime tangent bundle be
Kihlerian (Yano and Ishihara, 1973; Yano and Davies, 1963; Yano, 1965).
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